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INTRODUCTION
The continuous requirements imposed on many new structural applications for improved vibroacoustic response and weight reduction mandate the development of new damping concepts. Embedded piezoelectric layers introduce the unique capability to convert strain energy to electric energy during a vibration cycle and vice-versa. By connecting passive electric networks of resistors and capacitors to the piezoelectric layers, a fraction of electric energy may be dissipated or spontaneously stored, thus increasing the damping and changing the natural frequencies of the structure. Compared to other techniques which typically introduce high damping, for example, the constrained interlaminar viscoelastic layer and active damping techniques, the passive piezoelectric damping may exhibit very desirable characteristics, such as: capability to be modified, spontaneously or periodically, by varying the properties of the passive electric elements (resistors, capacitors, etc.); damping improvement may not decrease laminate stiffness, as is the case with viscoelastic damping layers; and the required hardware is minimal and may be even encapsulated into the laminate, thus adding minimal weight to the structure. Consequently, the approach may be very suitable for damping vibrations in rotating or moving components, such as turbomachinery blades, helicopter blades, and so forth.
While substantial work has been reported in the area of active vibration control as described in recent reviews (refs. 1 to 2), most of the reported work on passive piezoelectric damping has been limited to simple laminate and structural (mostly beam and plate) configurations. Hagood Whilethereported workhas provided valuable insight regarding thepotential ofpassive piezoelectric damping, development ofefficient methodologies enabling theprediction ofdamping inrealistic laminate andstructural configurations isstillrequired. Thispaper presents multi-field mechanics forcurvilinear composite laminates with piezoelectric layers having distributed passive electric components embedded orattached tothepiezoelectric layers, andanassociated shell finiteelement forpredicting themodal damping, mtxtal frequencies anddynamic response of damped piezoelectric shells. Thelaminate mechanics combine single-layer kinematic assumptions forthedisplacements witha layerwise variation oftheelectric potential. Theformulation directly considers thepresence ofdistributed electric networks, thus enabling coupled and efficient representations oftheintegrated laminate-electric circuit system. Governing equations ofmotion aredeveloped and solved instate-space torm. Thepoles ofthecoupled structural system arecalculated andused toevaluate themodal damping andfrequencies oftheshell structure. The frequency response ofthedamped structure isalso directly calculated fromtheequations ofmotion.
DOUBLY CURVED PIEZOLAMINATES WITHPASSIVE ELECTRIC NETWORKS
Thecurvilinear laminate configuration withattached distributed electric components andpiezoelectric actuators isshown schematically in figurel(a).It isassumed that each plyofthelaminate remains parallel toareference curvilinear surface A o which is defined with respect to a global Cartesian coordinate system Oxyz. An orthogonal curvilinear coordinate system O_rl_ is defined, such that the axes _ and rl lie on the curvilinear reference surface A o, while the axis _ remains straight and perpendicular to the layers of the laminate. A series of resistor-capacitor circuits may be connected to piezoelectric layers.
Governing material equations.--Each ply is assumed to be a linear piezoelectric material with properties defined on the orthogonal curvilinear system O_rl_, and constitutive equations of the following form,
where: i,j = 1..... 6 and k,l = I ..... 3; _i and S i are the mechanical stresses and engineering strains in vectorial notation;
E t is the electric field vector: D! is the electric displacement vector; Cij is the elastic compliance and stiffness tensors; etj is the piezoelectric tensor; and etk is the electric permittivity tensor of the material. Superscripts E and S indicate constant electric field and strain conditions, respectively.
The axes 1, 2, and 3 of the material are parallel to the curvilinear axes _, rl, and 4-The materials are assumed to be monoclinic class 2 crystals with a diad axis (polarization direction) parallel to the _ axis. The tensorial strain S O and electric field components in a curvilinear coordinate system are related to the displacements and electric potential. The strain-displacement relationships and the relation of the electric field vector E k to the electric potential _ are provided in reference 10. 
where u"i--{u"'v°'w°} and 13 i ={ _, _rl}; pA, pB, pD are the generalized densities, expressing the mass, mass coupling and rotational inertia per unit area, respectively, of the laminate. where subscripts L and p indicate the laminate and passive circuit respectively.
PASSIVE PIEZOELECTRIC SHELL STRUCTURES
A finite clement based method is developed using the previous laminate mechanics for predicting the dynamic characteristics and response of shell structures having piezoelectric layers or patches attached to passive electric circuits. The FEM uses approximations of the generalized electromechanical state (displacements, rotation angles and electric potential) on the reference surtace Ao, of the following type,
where superscript i indicates the reference surface displacement, rotation angle and generalized electric potential components corresponding to the i-th in-plane interpolation function Ni(_,rl). An 8-node quadrilateral curvilinear element was considered in this work. Selective reduced integration is used for the calculation of shear and piezoelectric stiffness terms to overcome spurious stiffening observed at low thicknesses. Substituting into the generalized equations of motion (4), and collecting the coefficients as mandated by equations (6) and (7), the governing dynamic equations of the structure and the distributed electric circuitry are expressed in discrete matrix forms. Electric circuitry.--The applied electric displacement terminequation (4)canberewritten considering thesecondcompatibility equation (I0), Combination ofequation (13)withequation (9)andapplication ofthelayerwise andfiniteelement approximation of electric potential yields thediscretized compatibility equation lbrtheelectric fluxbetween thepiezoelectric layers and passive electric circuitry
where QP, 1p are the electric charge and current, respectively, at the interface nodes. Thefree length oftheplate along thex and y axes wasL_lh = L_lh = 157. Considering the two planes of symmetry, only a quarter of the plate was modeled using a uniform mesh. Figure 5 shows the damping and natural frequency predictions of the fundamental mode using various mesh densities, together with an exact in-plane Ritz solution based on the same laminate assumptions (ref. 9). Both damping and natural frequency predictions converge rapidly to the exact in-plane solution. As in the previous example, there is an optimal resistance where damping reaches a maximum and frequency shifts to a higher value. Figure 6 shows the damping of additional modes evaluated using a 6×6 uniform mesh. Besides the good agreement between the FE and exact solution, the results show that as the modal frequency increases the corresponding damping peak occurs at lower resistance. Figure 8 shows the damping and frequency of the first mode which in this case is mode (3, 1) . The numbers in parenthesis indicate the wavelengths along the hoop (_) and axial (rl) direction. Both damping and frequency predictions seem to rapidly converge towards an exact in-plane solution, although higher element subdivisions are required along the circumferential direction. Figure 9 shows the predicted damping and frequency corresponding to mode shape ( I, 1 ) which occurs at a higher natural frequency, as a result of stiffening from extension-bending coupling introduced by the curvature. The finite element predictions seem to converge to slightly different values from the Ritz solution. Figure 10 shows damping predictions for the first 5 modes, and the very good overall agreement between a 16×4 FE mesh and an in-plane exact Ritz method developed by the author. All modes illustrate the familiar pattern of a maximum damping peak and shifting in the natural frequency with increasing resistance values. However, the prevailing difference with the previous plate case is the wide variation between the damping peaks of the various modes, with modes ( 1,1 ) and (3,1 ) having the lower and higher damping peak, respectively. Curvature The thicknesses of each composite ply and PZT-4 patch are 0.375 and 0.500 mm, respectively, and.the length aspect ratio was L_/Lrl = 2, Lq = 140 mm. The panel was clamped at the lower curved edge and free at all others, to resemble an untwisted cylindrical blade. The location of piezoelectric patches (shaded area) on each side and the finite element mesh are shown in figure I 1. The surface terminals of each piezoceramic patch were assumed to be connected to an individual resistor, however, the values of the resistors were selected such that the specific resistance remained the same for all piezoceramic patches. The continuous electrodes were modeled using penalty equality constraints on the surface electric potential. The predicted modal damping of the first five modes is shown in figure 12 . Again the damping variation of each mode follows the familiar peak pattern as the resistance increases, yet the modal damping varies widely between various modes. Because of the finite size and continuous electrodes of the piezoelectric patches, their location and size become important parameters in connection with the respective mode shape. The present configuration seems to be more effective with flexural modes (modes 2, 4 and 5) while provides minimal damping for twisting modes ( 1 and 3) . The lower damping values, compared to previous cases of idealized distributed piezoelectric layers, are attributed to the partial coverage of the surface by piezoelectric patches and the averaging of electric potential occurring on each piezoceramic due to the finite size of their continuous electrodes. Besides demonstrating the extreme capabilities of the developed methodology, the results show that the technique may yield substantial damping increases for select modes, provided that thc shunting resistance, size. and location of the piezoelectric layers is properly designed. The value of the developed mechanics and finite element method in accomplishing such design tasks is apparent.
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CONCLUSION REMARKS
A formulation wasdescribed forpredicting thedamped dynamic characteristics oflaminated composite shell structures withpiezoelectric layers connected todistributed passive electric networks. Theformulation includes multifield mechanics forcurvilinear piezoelectric laminates having distributed passive electric components. Finite element based mechanics andan8-node specialty shell element forpredicting themodal damping, modal frequenciesanddamped response ofpiezoelectric shells were alsoformulated andencoded intoresearch software.
Experimental andnumerical studies illustrated thequality oftheformulation andquantified theconcept ofpassivepiezoelectric damping onvarious structural configurations. Themodal damping andfrequencies ofacomposite beam withavariable resistor-piezoceramic element were measured andcorrelated withpredicted results. Additional correlations withexact in-plane solutions forplates andshells illustrated thefast convergence ofthedeveloped finite element• Themodal damping andfrequency ofcylindrical composite blades withresistively shunted curved piezo-
electric patches were also predncted. All analytncal and experimental studnes have shown that regardless of the structural configuration: (i) the concept of passive piezoelectric damping is feasible, and (ii) the damping can be easily tuned by changing the resistance value and reaches a peak at a specific resistance value which differs for each node.
The shape of the structure seems to drastically affect the maximum damping value of each mode, with curvature effects being predominant.
The finite size and location of piezoelectric elements also seem to affect the damping of each mode. Application of the technique on complex structural configurations may require careful design considerations. Overall, the results have illustrated the validity and effectiveness of the developed finite element formulation for analyzing and designing passively damped piezoelectric structures. 
